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QUANTUM DILOGARITHM IDENTITIES AND CYCLIC QUIVERS
CHANGJIAN FU AND LIANGANG PENG
Abstract. We study quantum dilogarithm identities for cyclic quivers following Reineke’s
idea via Ringel-Hall algebra approach. For any given discrete stability function for the
cyclic quiver ∆n with n vertices, we obtain certain cyclic quantum dilogarithm iden-
tities of order n in the sense of Bytsko and Volkov.
1. Introduction
Quantum dilogarithm which is a q-deformation of the classical dilogarithm function,
appears naturally in many different branches of mathematics such as discrete dynamic
system [16, 3, 4], cluster theory [5, 8] and motivic Donaldson-Thomas invariants [10],
etc. For more details and the history of quantum dilogarithm, we refer to [5, 7] and the
references given there.
Inspired by Kontsevich-Soibelman’s frame work [10] of motivic Donaldson-Thomas
invariants for 3-Calabi-Yau categories, Reineke [13] studied some factorization formula
for certain automorphism of Poisson algebra assocaited with a finite acyclic quiver by
using Ringel-Hall algebra approach, which is related to the wall-crossing formula in [10].
Keller [8] reformulated Reineke’s Theorem [13] for Dynkin quiver with discrete stability
structure in the setting of quantum dilogarithm, which can be interpreted as stating that
the refine DT-invariant as well as non commutative DT-invariant of a Dynkin quiver are
well-defined. It has been conjectured in [8] that the statement for Dynkin quivers may
be generalized to any Jacobian algebras arising from quivers with polynomial potentials.
One of the key ingredients in Reineke’s work [13, 8] is the existence of the so-called
integration map from the opposite completed Ringel-Hall algebra to a suitable quantum
torus. Such an integration map always exists for any hereditary abelian categories.
Hence Reineke’s work may be generalized to quiver with oriented cycles. Then this note
is devoted to study the quantum dilogarithm identities for cyclic quivers. In contrast
to the case of acyclic quivers, there does not exist a discrete stability function in the
sense of Keller [8](which is called completely discrete in our setting, cf. Section 2) for a
cyclic quiver, which is very useful to derive quantum dilogarithm identities via Ringel-
Hall algebra approach. Fortunately, our result shows that the discrete stability function
in the sense of physics is enough to apply the Ringel-Hall algebra approach for cyclic
quivers.
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The paper is organized as follows: in Section 2, after given the definition of discrete
stability function and completely discrete stability function, we give a characterization
of stable objects for a given discrete stability function for cyclic quivers(Theorem 2.8),
which enables us to obtain quantum dilogarithm identities for cyclic quivers in Sec-
tion 3.2(Theorem 3.3). In [1], Bytsko and Volkov introduced cyclic quantum dilogarithm
and obtained certain cyclic quantum dilogarithm identities of order 3. In Section 3.3, we
prove that for any given discrete stability function, one obtains certain cyclic quantum
dilogarithm identities of order n(Theorem 3.6). Section 4 is devoted to study certain
examples of quantum dilogarithm identities related to Jacocian algebra of type A2 and
quiver algebras of type An−1.
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the seminar of representation theory of algebra in Nanjing Normal University, April
19-20. He would like to thank Qunhua Liu and Jiaqun Wei for their invitation and
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2. Discrete stability functions for cyclic quivers
2.1. Stability functions on abelian categories. Let A be an abelian category over
a field k. A stability function on A is a group homomorphism
Z : G0(A)→ C
from the Grothendieck group G0(A) of A to the additive group of complex numbers
such that for each non-zero object X of A, the number Z([X ]) is non-zero, where [X ]
stands for the canonical image of X in the Grothendieck group G0(A). The argument
argZ([X ]) of Z([X ]) is called the phase of X which lies in the interval [0, pi). A non-zero
object X of A is stable (resp. semi-stable) if for each non-zero proper subobject Y of X ,
we have argZ([Y ]) < argZ([X ]) (resp. argZ([Y ]) ≤ argZ([X ])). The following will be
used frequently and implicity.
Lemma 2.1. Let Z : G0(A) → C be a stability function on A. An object X ∈ A is
stable (resp. semi-stable) if and only if for any non-trivial quotient Y of X, we have
argZ([X ]) < argZ([Y ])(resp. argZ([X ]) ≤ argZ([Y ])).
Lemma 2.2. Let Z : G0(A)→ C be a stability function on A and Y be a subobject of
X in A. Then
(1) argZ([Y ]) ≤ argZ([X ]) if and only if argZ([X/Y ]) ≥ argZ([X ]);
(2) if argZ([Y ]) = argZ([X/Y ]), then argZ([X ]) = argZ([Y ]) = argZ([X/Y ]).
For each real number µ ∈ [0, pi), let Aµ be the full subcategory of A whose objects
are the zero object and the semi-stable objects of phase µ. It has been proved by
King [9] that Aµ is an abelian subcategory of A and the simple objects are precisely
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the stable objects of phase µ. Moreover, each object X admits a unique filtration called
the Harder-Narasimhan filtration
0 = X0 ⊂ X1 ⊂ · · · ⊂ Xt = X
whose subquotients are semi-stable with strictly decreasing phases.
A stability function Z : G0(A)→ C is discrete, if for each real number µ, the subcate-
gory Aµ is zero or admits a unique simple object. In other words, the stability function
Z : G0(A) → C is discrete if and only if different stable objects have different phases.
If moreover Aµ is semisimple, we then call the stability function Z : G0(A) → C is
completely discrete. We mention that for certain abelian categories, this two definitions
coincide to each other. This happens for example the category of finitely generated
right kQ-modules for any Dynkin quiver Q.
Remark 2.3. The definition of discrete is weaker than the one given by Keller [8],
which is equivalent to the definition of completely discrete. And completely discrete is
useful to obtain quantum dilogarithm identities via Ringel-Hall approach.
2.2. Discrete stability functions for cyclic quivers. Let k be a field. Let Q := ∆n
be the cyclic quiver with vertices set Q0 = {1, 2, · · · , n} such that arrows are going from
i to i+1 modulo n. Let Si, i ∈ Q0 be the simple k-representation over the opposite quiver
∆opn associated to the vertex i. Let Tn be the category of nilpotent representations over
∆opn . It is a hereditary abelian category such that every indecomposable representation
is uniserial and hence uniquely determined up to isomorphism by its unique socle and
length. Denote by R(i, l), i ∈ Q0, l ∈ N the unique indecomposable representation of
length l with socle Si. Hence {R(i, l)|i ∈ Q0, l ∈ N} form a completely representatives
set of indecomposable objects of Tn. Let G0(Tn) be the Grothendieck group of Tn.
Clearly, we have G0(Tn) ∼=
⊕
i∈Q0
Z[Si]. Set δ := (1, 1, · · · , 1) ∈ Zn. Note that there
are exactly n indecomposable objects in Tn up to isomorphism with dimension vector δ.
For more details of the structure of Tn, we refer to [15] or also see Example 2.6 below.
Proposition 2.4. Let Z : G0(Tn)→ C be a stability function on Tn. Then
(1) each stable object has length equal or less than n and hence there are only finitely
many stable objects;
(2) at most one stable object has dimension vector δ.
Proof. The second part follows Lemma 2.1 easily. For part (1), let N ∈ Tn be an
object of length strictly greater than n, then N = R(i, nt + k) for some i ∈ Q0 and
t ≥ 1, 1 ≤ k < n or N = R(i, nt) for t ≥ 2. If N = R(i, nt), t ≥ 2, then N admits a
proper submodule R(i, n) such that argZ([N ]) = argZ([R(i, n)]), which implies that N
is not stable. If N = R(i, nt+k) for t ≥ 1, 1 ≤ k < n, then R(i, k) is a proper submodule
and also a quotient module of N , which also implies that N is not stable. 
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Remark 2.5. By Proposition 2.4, it is not hard to see that there does exist discrete
stability functions on Tn. Indeed, let indT<n be a representative set of indecomposable
objects of length strictly less than n. It is clear that different indecomposable objects in
indT<n have different dimension vectors, we can always choose Z([S1]), · · · , Z([Sn]) ∈
C× such that argZ([R(1, n)]) and argZ([M ]),M ∈ ind T<n are pairwise different.
Example 2.6. Let n = 3. We have the following Auslander-Reiten quiver of T3:
...
##●
●●
●
...
##●
●●
●
...
##●
●●
●
[2, 5]
;;✇✇✇✇
$$❍
❍❍
[3, 5]
;;✇✇✇✇
$$❍
❍❍
[1, 5]
;;✇✇✇✇
$$❍
❍❍
[2, 5]
[3, 4]
$$❍
❍❍
::✈✈✈
[1, 4]
$$❍
❍❍
::✈✈✈
[2, 4]
::✈✈✈
$$❍
❍❍
[3, 3]
$$❍
❍❍
::✈✈✈
[1, 3]
$$❍
❍❍
::✈✈✈
[2, 3]
$$❍
❍❍
::✈✈✈
[3, 3]
[1, 2]
$$❍
❍❍
::✈✈✈
[2, 2]
$$❍
❍❍
::✈✈✈
[3, 2]
::✈✈✈
$$❍
❍❍
[1, 1]
::✈✈✈
[2, 1]
::✈✈✈
[3, 1]
::✈✈✈
[1, 1]
where [i, j] stands for the indecomposable object R(i, j). Since G0(T3) = Z[S1]⊕Z[S2]⊕
Z[S3], to give a stability function Z on T3, it suffices to give the images of Z([Si]), i =
1, 2, 3 over the half plane of C. Let Z : G0(T3) → C be the stability function such that
Z([S1]) = 2 +
√−1, Z([S2]) = −2 +
√−1, Z([S3]) = 1 + 2
√−1. It is easy to check that
argZ([M ]),M ∈ indT<3 and argZ([S1] + [S2] + [S3]) are pairwise different. Hence Z
is a discrete stability function on T3. Moreover, S1, S2, S3, R[1, 2], R[3, 3] are exactly the
stable objects of T3.
Let Z : G0(Tn)→ C be a discrete stability function on Tn and set argZ(
∑n
i=1[Si]) =
γ ∈ [0, pi). For each i ∈ Q0, we associate a subset Ci = {i, i−1, · · · , i−ti} of Q0 (if x ∈ Z
is not in Q0, we consider its congruence class modulo n in Q0), where 0 ≤ ti ≤ n − 1,
which is the maximum non-negative integer such that
argZ([Si] + [Si−1] + · · ·+ [Si−v]) ≥ γ for all 0 ≤ v ≤ ti.
Let Q≥γ0 = {i ∈ Q0| argZ([Si]) ≥ γ} be the subset of Q0. It is obvious that Ci is
non-empty if and only if i ∈ Q≥γ0 .
Lemma 2.7. For any i, j ∈ Q≥γ0 , if Ci ∩ Cj 6= ∅, then Ci ⊆ Cj or Cj ⊆ Ci.
Proof. Suppose that Ci∩Cj 6= ∅ and s ∈ Ci∩Cj . Then by the definition of Ci and Cj, we
deduce that Asi := {i, i−1, · · · , s+1, s} is a subset of Ci and Asj := {j, j−1, · · · , s+1, s}
is a subset of Cj. Assume that |Asi | ≤ |Asj |, then Asi is a subset of Asj . In particular,
i ∈ Cj. Now again by the definition of Cj, we have Ci ⊆ Cj. 
Now we are in the position to state the main result of this section.
Theorem 2.8. Let Z : G0(Tn) → C be a discrete stability function on Tn. There is
a unique stable object M ∈ Tn such that dimM = δ = (1, 1, · · · , 1). In particular, all
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the nonzero subcategories (Tn)µ, µ ∈ [0, pi), are semisimple except one which admits M
as the unique simple object. As a consequence, Tn does not admit a completely discrete
stability function.
Proof. Assume that argZ(
∑n
i=1[Si]) = γ ∈ [0, pi). By Lemma 2.7, for any i, j ∈ Q≥γ0 , one
of the following cases happens: Ci ⊆ Cj;Cj ⊆ Ci; Ci ∩ Cj = ∅. Let B = {Ci1, · · · , Cis}
be a subset of {Ci|i ∈ Q≥γ0 } such that for any 1 ≤ x 6= y ≤ s, Cix ∩ Ciy = ∅ and
Q≥γ0 ⊆ Ci1 ∪ · · · ∪ Cis. We claim that s = 1. Otherwise, suppose that s ≥ 2. For each
Ci ∈ B, set Ci = Ci ∪ {i − ti − 1}. It is clear that Ci ∩ Cj = ∅ for any Ci 6= Cj ∈ B.
Now we have
Z(
n∑
i=1
[Si]) = Z(
∑
j∈Ci1
[Sj ]) + · · ·+ Z(
∑
j∈Cis
[Sj ]) +
∑
j 6∈Ci1∪···∪Cis
Z([Sj ]).
Recall that argZ(
∑n
i=1[Si]) = γ, however the arguments of each term on the right are
strictly less than γ, a contradiction. Hence there exists a unique i0 ∈ Q≥γ0 such that
Q≥γ0 ⊆ Ci0. By the definition of Ci0, one can show that Ci0 = Q0 as above. Now
the condition of Ci0 also implies that M = R(i0 + 1, n) is a semi-stable object for Z
following Lemma 2.1. Note that Z : G0(Tn) → C is discrete. If M is not stable, then
it is an iterated extension of certain stable object whose length is strictly less than
n. However, an indecomposable object with length strictly less than n does not have
non-trivial self extension, a contradiction. Hence M is a stable object with non-trivial
self extension. 
3. Quantum dilogarithm identities for cyclic quivers
3.1. Hall algebra of Tn and quantum torus. Keep the notations as previous section.
Assume moreover that k is a finite field. For any L,M,N ∈ Tn, let FNL,M be the number
of submodules L′ of N which are isomorphic to L and such that N/L′ ∼= M .
Let E be a finite field extension of k. For any k-vector space V , let V E := V ⊗k E.
Clearly, k∆En is the path algebra of ∆n over E. Let T En be the category of nilpotent
E-representations over the opposite quiver ∆op. For any L ∈ Tn, we have LE ∈ T En . In
fact, the structure of Tn is independent of the choice of the base field k. For anyM ∈ Tn,
it is clear that we have a polynomial AutM(q) ∈ Z[q] such that |Aut(ME)| = AutM(|E|)
for any finite filed extension E of k.
For any L,M,N ∈ Tn, it has been shown by Ringel [15] (cf also [6, 11])that there
exists a polynomial φNL,M ∈ Z[q] such that for any finite field extension E of k,
φNL,M(|E|) = FN
E
LE ,ME .
The polynomial φNL,M is called the Hall polynomial associated to L,M,N .
Let Iso(Tn) be the representative set of isomorphism class of objects in Tn. The
generic opposite Hall algebra Hq(Tn) over Z[q] is a free Z[q]-module with a basis {uL|L ∈
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Iso(Tn)} index by the isoclass of Tn. In particular, Hq(Tn) =
⊕
L∈Iso(Tn)
Z[q]uL and the
multiplication is defined as follows
uL ∗ uM =
∑
N∈Iso(Tn)
φNL,M(q)uN .
It is an associative algebra with unit u0(cf. [14]). Let Ĥq(Tn) be the completion of
Hq(Tn) with respect to the ideal generated by uL for all non-zero L ∈ Iso(Tn).
Recall that we have the Euler bilinear form χ(−,−) over G0(Tn), for any M,N ∈ Tn,
χ([M ], [N ]) =
∑
i≥0
(−1)i dimk ExtikQ(M,N) = dimk HomkQ(M,N)− dimk Ext1kQ(M,N).
Let λ(−,−) be the anti-symmetric bilinear form associated to χ(−,−), i.e.
λ([M ], [N ]) = χ([M ], [N ])− χ([N ], [M ]) for any M,N ∈ Tn.
The completed quantum torus T̂∆n = Q(q
1
2 )[[G0(Tn)+]] is defined to be the formal
power series ring of ydimM ,M ∈ Tn with relations ydimM · ydimN = q 12λ([M ],[N ])ydimM⊕N .
The following lemma is quite clear.
Lemma 3.1. Let δ = (1, 1, · · · , 1). For any t ∈ N, ytδ belongs to the center of T̂∆n.
We also have the following integration map from the generic opposite Hall algebra
Hq(Tn) to the quantum torus T̂∆n due to Reineke [12].
Lemma 3.2. There is an algebra homomorphism
∫
: Ĥq(Tn)→ T̂∆n given by∫
uM = q
1/2χ([M ],[M ]) y
dimM
AutM(q)
.
3.2. Quantum dilogarithm identities. Let q be an indeterminant. The quantum
dilogarithm is the series
E(y) =
∞∑
m=0
q
m2
2
(qm − qm−1) · · · (qm − 1)y
m ∈ Q(q 12 )[[y]],
where Q(q
1
2 )[[y]] is the formal power series ring of y with coefficients in the rational
function field of q
1
2 .
The following is one of the main results in this section.
Theorem 3.3. Let Z : G0(Tn)→ C be a discrete stability function on Tn. Then
EZ :=
y∏
L is stable and dimL 6=δ
E(ydimL) ∈ T̂∆n ,
where the factors are in the order of decreasing phases, does not depend on the choice
of Z.
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Proof. Let Z be a discrete stability function on Tn. The Harder-Narasimhan filtration
with respect to Z implies the following identity in Hq(Tn)
∑
L∈Iso(Tn)
uL =
y∏
µ∈[0,pi)
(
∑
L∈Iso(Aµ)
uL),
where the factor are in the order of decreasing µ and Aµ := (Tn)µ is the subcategory of
Tn with semi-stable objects of phase µ and the zero objects. Proposition 2.4 implies that
all but finitely many Aµ are zero, say µ1 > µ2 > · · · > µt. Let Li be the unique simple
object of Aµi , i = 1, · · · , t. Moreover, by Theorem 2.8, there is a unique s ∈ {1, 2, · · · , t}
such that AZ,δ := Aµs is not semisimple and dimLs = δ. We may rewrite the above
identity as ∑
L∈Iso(Tn)
uL =
y∏
µ1>µ2>···>µt
(
∑
L∈Iso(Aµi )
uL).
Applying the integration map in Lemma 3.2, we have∫ ∑
L∈Iso(Tn)
uL =
y∏
µ1>µ2>···>µt
∫
(
∑
L∈Iso(Aµi )
uL).
Set
EZ,δ :=
∫ ∑
L∈Iso(Aµs )
uL.
By Lemma 3.1, we deduce that EZ,δ belongs to the center of quantum torus T̂Q. On
the other hand, for each Aµi , i 6= s, since Aµi is semisimple wiht unique simple object
Li, we have ∫ ∑
L∈Iso(Aµi )
uL = E(y
dimLi).
Hence, ∫ ∑
L∈Iso(Tn)
uL =
y∏
µ1>µ2>···>µt
∫
(
∑
L∈Iso(Aµi )
uL)
= EZ,δ
y∏
i 6=s
∫
(
∑
L∈Iso(Aµi )
uL)
= EZ,δ
y∏
L is stable and dimL 6=δ
E(ydimL)
It is clear that for any discrete stability function, the subcategory AZ,δ is independent of
the choice of Z up to equivalence of categories. Thus EZ,δ is independent of the choice
of Z. Note that the left hand side of the above identity is independent of choice of Z
and EZ,δ is invertible in T̂Q. Therefore, EZ is independent of the choice of Z. 
Remark 3.4. Theorem 3.3 implies that the non-commutative Donaldson-Thomas in-
variant of Tn is well-defined(cf. section 4 of [8]). Namely, let T∆n := Q(q
1
2 )[G0
+(Tn)]
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be the non-complete quantum torus of ∆n, i.e. the Q(q
1
2 )-algebra generated by the vari-
ables ydimL, L ∈ Tn, with the same relations of T̂∆n. Let Frac(T∆n) be the fraction
filed of T∆n and Σ : Frac(T∆n) → Frac(T∆n) the automorphism mapping each ydimL
to y−dimL, L ∈ Tn. Set E∆n := EZ for any discrete stability function Z on Tn and let
Ad(E∆n) : Frac(T∆n) → Frac(T∆n) be the automorphism induced by the conjugation
of E∆n. Then the non-commutative Donaldson-Thomas invariant is defined to be the
automorphism
DT∆n = Ad(E∆n) ◦ Σ.
3.3. Cyclic quantum dilogarithm of order n. Let Q be a finite quiver and T̂Q the
associated completed quantum torus. A product E ∈ T̂Q of quantum dilogarithms is
called cyclic of order n(cf. [1]), if there exists an automorphism φ of T̂Q of order n such
that
E = φi(E), 1 ≤ i ≤ n− 1.
In [1], Bytsko and Volkov have obtained certain cyclic quantum dilogarithm identities of
order 3 for certain quivers. In our setting, we will prove that different choices of discrete
stability functions on Tn give rise to different cyclic quantum dilogarithm identities of
order n.
Let τ : Tn → Tn be the Auslander-Reiten translation, which is an auto-equivalence of
Tn of order n. It is clear that τ : Tn → Tn induces an automorphism of Grothendieck
group G0(Tn) and hence an automorphism of algebra T̂∆n of order n. By abuse of
notations, we still denote these automorphisms by τ : G0(Tn)→ G0(Tn) and τ : T̂∆n →
T̂∆n respectively. More precisely, τ(y
dimM) = ydim τM .
For any stability function Z : G0(Tn)→ C on Tn, we introduce a new stability function
Zτ := Z ◦ τ : G0(Tn)→ C. We clearly have the followings.
Lemma 3.5.
(1) Z is discrete stability function if and only if Zτ is discrete stability function;
(2) M ∈ Tn is Z-stable if and only if τ−1M is Zτ -stable;
(3) argZ(M) > argZ(N) if and only if argZτ (τ
−1M) > argZτ (τ
−1N).
Now we can state another main result in this section.
Theorem 3.6. Let Z be a discrete stability function on Tn. Then we have
EZ = τ(EZ) = · · · = τn−1(EZ) ∈ T̂∆n .
Proof. Since τ : T̂∆n → T̂∆n is an automorphism of T̂∆n of order n, it suffices to prove
that EZ = τ
n−1(E). Recall that
EZ =
y∏
L is Z-stable and dimL 6=δ
E(ydimL).
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We have
τn−1(EZ) =
y∏
L is Z-stable and dimL 6=δ
E(ydim τ
−1L)
=
y∏
τ−1L is Zτ -stable and dim τ−1L 6=δ
E(ydim τ
−1L)
= EZτ = EZ
where the second equality follows from Lemma 3.5 and the last equality follows from
Theorem 3.3. 
4. Examples
4.1. The Jacobian algebra J of type A2. Let us consider the cyclic quiver ∆3 with
3 vertices:
2
b
❃
❃❃
❃❃
❃❃
❃
1
a
@@        
3
c
oo
Let J := J(∆3,W ) be the Jacobian algebra of ∆3 with potential E = cba. In other
words, J = k∆3/ < ba, cb, ac > is the quotient algebra of path algebra k∆3 by the
ideal generated by all the paths of length 2. Let modJ be the category of finite-
dimensional right J-modules, which may be identified as a subcategory of T3. Under such
identification, we have G0(T3) = G0(modJ). Hence a stability function Z : G0(mod J)→
C on modJ naturally identifies a stability function Z : G0(T3) → C on T3. However, a
discrete stability function Z on mod J may not be a discrete stability function on T3.
Fortunately, for each discrete stability function Z : G0(modJ)→ C on modJ , it is not
hard to see that there is a discrete stability function Zε : G0(mod J)→ C on modJ such
that its sequence of stable objects with decreasing phases coincides with the one of Z
and Zε is also a discrete stability function on T3.
Let Z : G0(modJ)→ C be a discrete stability function onmodJ and Zε : G0(modJ)→
C a replacement of Z which is also a discrete stability function on T3 . By Theorem 2.8,
we infer that the set of Zε-stable objects of T3 is the union of the set of Zε-stable objects
(and hence the set of Z-stable objects) of modJ with a unique stable object of T3 with
dimension vector (1, 1, 1). Applying Theorem 3.3, one deduces that the Conjecture 3.2
of [8] holds true for the Jacobian algebra J . Namely, for modJ ,
EZ :=
y∏
M is stable
E(ydimM) ∈ T̂∆3
is independent of the choice of the discrete stability function Z on modJ . We should
mention that by the recent work of Engenhorst [2], Conjecture 3.2 of [8] holds true for
any representation-finite Jacobian algebras.
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4.2. Quantum dilogarithm identities of An−1. Let
An−1 : 1→ 2→ · · · → n− 1
be the linear quiver and mod kAn−1 the category of finitely generated right kAn−1-
modules.
Recall that by Gabriel’s theorem, there is a bijection between the set of the dimen-
sion vectors of indecomposable right kAn−1-modules to the set of positive root of the
associated simple Lie algebra of type An−1. For any positive root γ, denote by V (γ)
the unique indecomposable right kAn−1-module under this bijection. We endow the
set of positive roots with the smallest order relation such that Hom(V (α), V (β)) 6= 0
implies α  β. Let α1, · · · , αN are the dimension vectors of the indecomposable right
kAn−1-modules enumerated in decreasing order with .
Identifying An−1 as the full subquiver of ∆n supported on vertices {1, 2, · · · , n− 1},
it induces an embedding of abelian categories F : mod kAn−1 → Tn. Moreover, the
functor F also induces an embedding of quantum torus iF : T̂An−1 → T̂∆n . Let Z1 :
G0(Tn)→ C be a discrete stability function such that argZ1([S1]) > argZ1([S2]) > · · · >
argZ1([Sn]) and argZ1(
∑n
i=1[Sn]) < argZ1([Sn−1]). A directed computation show that
S1 = L(1, 1), · · · , Sn−1 = L(n−1, 1), L(n, n), L(n, n−1), · · · , Sn = L(n, 1) are precisely
the stable objects with decreasing phases with respect to Z1. Note that different inde-
composable objects in indT<n have different dimension vectors. A generically choosing
of Z2([Si]), i = 1, · · · , n in C such that argZ2([Sn]) < argZ2([S1]) < · · · < argZ2([Sn−1])
and argZ2(
∑n
i=1[Sn]) < argZ2([S1]) leads Z2 to be a discrete stability function on Tn.
Moreover, V (α1), · · · , V (αN), L(n, n), L(n, n − 1), · · · , Sn = L(n, 1) are precisely the
stable objects with decreasing phases with respect to Z2. Applying Theorem 3.3, we
have
E(ydimS1) · · ·E(ydimSn−1)E(ydimL(n,n−1)) · · ·E(ydimL(n,1))
= E(yα1) · · ·E(yαN )E(ydimL(n,n−1)) · · ·E(ydimL(n,1)).
Since each E(ydimM) is invertible in T̂∆n , we have the following quantum dilogarithm
identities
E(ydimS1) · · ·E(ydimSn−1) = E(yα1) · · ·E(yαN ).
which essentially lies in the completed quantum torus T̂An−1 . This recover the well-
known quantum dilogarithm identities for An−1(cf. Corollary 1.7 in [8]).
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